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A CURVED FINITE ELEMENT FOR THIN ELASTIC SHELLSt

G. DUPUIst and J,-J. GOEL§

Ecole Polytechnique Federale-Lausanne, Department of Mathematics,
33 avo de Cour, Lausanne, Switzerland

Abstract-This paper is concerned with a curved triangular finite shell element, which represents the rigid-body
motions exactly and assures convergence in energy. The stiffness matrix is derived in a general way that is valid
for all mathematical models which accept Kirchhoff's assumption. A numerical example is presented to indicate
the quality of results that can be obtained with 9 or 18° of freedom at each meshpoint and basic functions of
classes C1 or C 2

•

1. INTRODUCTION

THE APPLICATION of the finite element method to shell problems has been the object of many
papers. Leaving aside cases which are essentially one-dimensional by symmetry considera­
tions, problems may be classed in three groups.

1. The most widely used method replaces the shell by a polyhedron and treats each
face as a plate element (see [1-5]). Approaches of this kind differ from each other by the
choice ofshape functions and by the connections imposed between the elements. Note that
these connections concern the nodal displacements and do not automatically ensure
continuity of displacements along the sides of the elements. Some comparisons with exact
solutions show that, in many cases, approximations of this kind are sufficient for engineering
purposes. It should be noted, however, that this approach is without any mathematical
support. It is not justifiable as an application of Ritz's method, because the functions used
do not have the required continuity. Moreover, the relation to the general theories of thin
elastic shells is tenuous, because these theories concern shells with smooth middle surfaces.

2. Another method treats the shell problem as a three-dimensional one, and uses
curved finite elements which are called isoparametric (see [6-8]). This procedure, which is
esentially used in arch dam problems, is primarily reserved for the relatively thick shells.
In the same way, Ahhad [9,10] proposed a method, in which the thickness of the shell
plays a privileged role with respect to the other dimensions of the elements. This method,
however, does not seem to be satisfactory when the shell becomes thin.

3. Some curved finite elements based on two-dimensional shell theory have been used
(see [11-15J). They do not however, assure the continuity of displacements, or displace­
ments derivatives, along the sides of the elements and do not represent the rigid-body
motions exactly. Some numerical investigations concerning beam problems show that the
last condition is essential for good numerical results. This remark has been confirmed
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theoretically in [16]. Contrary to what has occasionally been stated in the literature, the
condition that rigid-body motions should be properly represented is essential, not for
convergence in energy [17J, but for acceptable rate of convergence. If this condition is
fulfilled, it can show that the stresses and reactions computed from the approximate dis­
placements assure the equilibrium of the shell, and this is, of course, of great practical
importance.

In this paper, we construct a triangular shell element that guarantees convergence in
energy and satisfies the condition of rigid-body motions, according to the following state­
ments:

1. The unknown functions are the Cartesian components of the displacement.
2. The middle surface of the shell in both the undeformed and deformed states are

defined, in Cartesian coordinates, as linear combinations of the same set of basic
functions.

3. The strain energy vanishes exactly for all rigid-body motions of the middle surface.
4. The basic functions satisfy the conditions for convergence in energy.
In the following we shall make use of three types of basic functions; with one of them,

the continuity conditions for the stress field are automatically satisfied.
Various mathematical models that are based on Kirchhoff's assumption differ in the

expression of the extension and bending strains and in the constitutive equation. One of
these models is therefore characterized by the matrices A and B of the strain-displacement
equations, the matrix K of the stress-strain relation and the boundary conditions. In fact, in
view ofthe variational formulation, a model is completely defined by the three matrices A, B
and K. The kinematical conditions are the same for all models of this class and the statical
conditions are the natural boundary conditions of the variational problem.

We shall consider here the model proposed by Koiter (see [18, 19J), which is briefly
surveyed in the second section. In Section 3, we obtain the expression of the strain energy
in Cartesian coordinates, from which we form the matrices A, Band K. Section 4 deals with
the discretisation of the boundary value problem while Section 5 shows how to form the
stiffness matrix of the element. An illustrative numerical example is given in the last section.

2. BASIC EQUAnONS

We give below an abstract of the basic equations of the Koiter's theory of thin shells
(see [18, 19J), using the usual notations of tensor calculust (see, for example, [20]).

Let L be the middle surface of the shell, defined by the equation r = r (lP, 82
); a, = r"

the base vectors; a3 = a 1xa2~a1 xa21 the normal to L; a,p = a,. ap and h,p = -!(a"p+
ap,,) . a3 the two fundamental quadratic forms on L. The shell considered is the volume
defim:d by the equation R(81, 82,83) = r(81, 82)+ 83a 3, where(8 1, 82) E D, - hj2 s: 83 s: h/2;
D is a domain of the plane (81

, 82
) and h is the thickness of the shell.

The displacement of the middle surface L is defined by the vector field

(I)

where a' = a'Pap are the contravariant base vectors and «a'P)) = «a,p)) - 1 is the contra­
variant tensor metric. It is convenient for the following to introduce the antisymmetric

t In this paper, Greek indices have the range 1,2, a single stroke stands for covariant differentiation with
respect to the surface metric and a comma denotes partial differentiation with respect to (1".
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(4)

(5)

(Ua.P = t(vPIa.-va.IP) (2)

which expresses the rotation of the middle surface around the normal. After deformation,
the normal a3 becomes the vector a3 = a3+ u"a" ; Kirchhoff's hypothesis yields the relation

Ua. = -(w,a.+b~vp) (3)

The deformation of the shell is characterized by the two symmetric tensors

8a.p = t(va.IP+ vPI"-2b,,pw),

Pa.p = t(ua.IP + upl" - b~wpy - bpw"y)

which respectively represent the extension of the middle surface and the variation of its
curvature. The strain parameters have a very simple intrinsic significance. Let us calculate
the two fundamental forms a"p and lJ"p on the deformed surface ~; keeping only the linear
terms in the displacement, we get

Pa.p = -(lJ"p-b"p)+Hb~8py+bp8a.y)

These relations show that, by a fundamental theorem of differential geometry of surfaces,
strains vanish identically for all linearized rigid-body motions of the middle surface.

In the considered model, the strain energy density has the form

_ 1 PYJ( h
3

}W - "213" h8"p8yJ + 12Pa.PPyJ ,

where (6)
13"PyJ = G(a"JaPY + a"YaPJ +2v/(I- v)a"PayJ)

with G = E/2(1 +v), E being the elastic modulus and v the Poisson ratio. It is shown in
[18] that, within the three-dimensional theory of elasticity, the expression (6) is a consistent
approximation with the hypothesis of the conservation of normals. The strain energy of
the shell is

(7)

The state of stress of the shell is characterized by the symmetric tensors n"P and m"P, defined
by

(8)

n"P and m"P are the two-dimensional membrane and bending stresses. From relations (6)
and (8), we find the constitutive equation

(9)

The external loads acting on the shell are a surface load of density p = p"aa. +pa3, applied
to the middle surface L; a line load of density q = q"a"+qa3 and a couple of density
m = m"aa., both applied to the boundary [' of L. The line force and couple are given on ['1 ;
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(11 )

they are reactive forces on r 2(r = r I U r 2)' The potential of external loads is given by

U2 = IL(p"v,,+pw) dO" + f(q"v"+qw+eaPu,,mp)dS (10)

where e"P is the antisymmetric tensor e 12 _e21 = l/"Ia, ell = e22 = O.
The relations (7) and (10) define the potential energy of the shell U = U 1- U2. that is

the quadratic functional of the displacements 1'" and w

U[v", w] = ILUB"P),J(/18"PBYJ+~~PapPYJ) _(paVa + PW)] dO"

Ir (q"v" +qw+e"liu"mp)ds

in this expression the components of the rotation u" are defined by (3) and the strains Bap
and Pap by equations (4).

The position of equilibrium of the shell is defined by the condition
r5U = 0 (12a)

and by the geometrical boundary conditions on r 2' In the three simplest cases, these
boundary conditions are

Va = 0, W = 0, Un = 0

v" = 0, W = 0

no kinematic condition

along a clamped edge, where Un is the normal
rotation;

along a supported edge;

along a free edge.

(12b)

From relations (12) there follow the equilibrium equation in D, the natural boundary
conditions on aD 1 [image of r 1 in the plan (e I , (

2
)] and the forces of reaction on aD2' The

equilibrium equations so obtained coincide with the exact two-dimensional equilibrium
equations given by Green and Zerna [20], if the tensor m"P is supposed to be symmetric.
It follows that the stresses solution of our boundary value problem ensure the equilibrium
of all parts of the shell defined by (01, (

2
) E BcD, - h/2 .-s: 03 .-s: h/2.

3. STRAIN ENERGY IN CARTESIAN COORDINATES

Let (Xl' X2' X3) be a system of Cartesian coordinates, we define the middle surface 1:
by the equation X3 = X3(X l' X 2 ) or r = r(x l' X 2), with rT = [Xl> X2' X3(X I , X 2)]. In order to
simplify the writing, we shall use in the following the notations z = X 3 , Z" = X 3 .a _ Z"fl = X 3 ",/I'

The base vectors on 1: can be written in that case

T TTl
al = (1,O,ZI)' a2 = (0, 1,z2), a3 = Ja(-Zl, -Z2, I)

with a = I +zi +z~. One deduces from them the two fundamental forms on 1:

where r5"p is Kronecker's symbol.

(13)

(14)
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(15)

Let U1, U2, U3 be the Cartesian components of the displacement,t the deformed surface
f is defined by the equation r = r(x 1 , X2), where rT = [Xl +U1(X1, x2), X2 +U2(X1, x2),
Z+U3(X 1,X2)]. On ~, the base vectors take the form

ai = (I+Ul,l,U2.1,Zl +u3.d,

aI = (U 1•2, 1+U2.2, Z2 +U3•2);

from this, we can find the fundamental forms aap and Dap . On keeping only the linear terms
in U i and their derivatives, we get

(16)
- 1 ]bap-bap = .ja[Zap(ZyZ;,uy.;,-ZyU3.y)/a-ZyUy.ap+U3.ap,

Formulas (5)and (16) define the strains as functions ofthe displacement. Let us introduce
the following notations:

ET = (ell' e22 , e12 ),

nT = (n ll , n22, n12 ),

(17)

and let o~ be the symbolic vector of dimension n(n = 3 or 6), defined as

O~T = (1, OX1, OX2, OX 10X 1, OX20X2, OX 10X2);

o~ will be the three first components ofthis vector. Ifno confusion is possible, we shall write
0" rather than o~; in the same way, we shall omit the subscript n if it is not necessary to the
understanding. The notation Ok will be the kth component of this vector. With these nota­
tions, the strain parameters can be set under the form

(

OU1) (OU1)
E = (A1 ,A2 ,A3 ) OU2 = A oU2 ,

oU3 OU3

(

OU1) (OU1)P = (B1 ,B2 ,B3 ) OU2 = B OU2

OU3 OU3

where 0 is written for o~ and the matrices A and B, of dimension 3 x 18, are the functions of
z, Za' zap given in Table 1.

Let us introduce in (6) the contravariant components of the metric deduced from (14),
we get for the constitutive equation (9)

n = CmKE, m = CfKp (18)

where K is the 3 x 3 matrix given in Table 2 and Cm = Eh/(I- v2 ), Cf = Eh3/12(1- v2 ). The
physical components of stresses, that is to say, those relative to unit base vectors, are

(19)

t Care will be taken to not confuse the Cartesian components of the displacement and the rotations defined
by equation (3), which will not appear in the rest of this paper.
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TABLE I---{continued)
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ZIIZI ZlIZZ

+O(IZI +O(zzl/2 -1

+O(zzz/2

ZZZZI zzzzz

+0(4zZ/2 +0(3ZZ -1

+0(4zt/2

ZIZZ, Z12ZZ

+0(4z t/2 +O(zzz/2 -I

+(0(1 +0(3)zz/4 +(0(1 +0(3)zt/4

0(, = (I+Z~)ZlI-Z,ZZZIZ;

0(3 = (I +ZI)Zzz +ZIZZZIZ;

0(2 = (I+Zi)ZlZ-ZIZZZlI;

0(4 = (I+Z~)ZIZ-ZIZZZ22'

where c(1l) = .J[a(1 +zi)/(1 +zm, c(22) = .J[a(1 +z~)j(l +zi)J, C(12) = .Ja. Both formulas
(19) must be understood without sum on the indices IX and p.

The strain energy of the shell can now be written as

V 1=!f f ±oTuiRijouj.Jadx1 dX2 (20)
2 JD i.j= 1

where
Rij = CmATKAj+CfBTKBj (21)

is a 6 x 6 matrix only depending on the geometry of the surface (the functions z, Za, zaP) and
on the elastic coefficients Cm and Cf ; D is the projection of the shell in the plane (x l' X2)'

In the same way, we could find the expression of the potential of the external loads, in
Cartesian coordinates.

4. DISCRETISATION OF THE PROBLEM

Let us divide the domain D into triangular elements, approximating the curved parts of
oD by straight segments; we denote by 15 the polygonal domain so formed and by 015 its
boundary. Let N be the number of nodes ofthe mesh; 15 i the domain formed by the triangles
admitting Pi for vertex (see Fig. 1) and Vi(X 1 , x2)n functions associated with the node Pi'

TABLE 2

(l+z~)Z
(1- v)ziz~

-2(1 +Z~)ZIZZ
+v(I+zi)(1+z~)

(1- v)zIz~
(l+zi)Z -2(1 +Zi)ZIZZ+ v(1 + zi)(1 + z~)

-2(1 +Z~)ZIZZ -2(1 +Zi)Zlzz 2(1- v)(1 +zi)(1 +zD
+ 2(1 + v)zIz~
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FIG. I.

having the following properties:
1. They vanish outside of the domain 15;.
2. They verify the conditions 0kl/Jil(P) = bij(jkl' where l/Jil is the lth component of the

vector \IIi' Ok is the kth component of o~, Pj is a node of the domain 15 and bij the Kronecker
symbol.

3. The functions \IIi are of class C 1 with piecewise continuous partial derivatives of
second order and square integrable. They satisfy the conditions of convergence in energy,
relative to the variational problem of second order. These conditions are given in [17]:
we recall them for the clearness of the following.

The basic functions \IIi assure convergence in energy of variational problems of second
order, if and only if, for all polynomials of second order Q(x l , Xl), one has the relation

N

L OTQ(Pi)· \IIi(X I , x 2) = Q(x l , Xl)
i= 1

(22)

In particular, this relation is of course verified for all polynomial of the first order in x, , X 2 .

In the following, we consider a shell whose middle surface is of the form

N

Z(X"x2) = L Z!.\IIi(X1,X l )
i= 1

(23)

where Zi = oz(P;). Practically, one gives the vector z; at each meshpoint of the domain 15,
which entirely define the surface. On the other hand, for our variational problem, we
restrict the space of the three unknown functions UI , Ul , U3 to be a space of finite dimension.
of the form

N

Ui(X I , Xl) = L OTu/(P). \IIJ{X I ' Xl).
j=1

(i = 1,2,3) (24)

With such a choice of admissible functions one can represent exactly the rigid-body
motions of the surface. Indeed, a linearized rigid-body displacement may be written
o = 00 +ro x (r- ro), where rT = [XI' Xl' Z(X I , X2)]; the components ofo are therefore of the
form iii = ao +alxl +alxl +a3z and, for such a function, one has the equality

N

I oTiii(P). \IIix" Xl) = ii/(x
"

Xl)
j= 1

The proof is immediate: set Ui = v+a3z, v is a polynomial of the first order in X I' Xl for
which we have the relation (22) and, from its definition, z(x I' Xl) has the form (23).
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Besides, we show in the second section that the strain energy vanishes if, and only if,
the middle surface of the shell undergoes a rigid-body displacement. It follows that the
formulas (23) and (24) represent the rigid-body motions of the shell exactly.

It is convenient for the following to restrict the functions '!Ii on an element. Let L\ be
the triangle of D, admitting the vertex P" Ps ' ~ and let us note v(x l' x 2) a function defined
on L\ by the formulas (23) or (24). In order to lighten the writing, we introduce the vector v,
relative to the element L\, defined as

vT = [tVv(P,), OTv(Ps), OTv(~)]

If we denote by t!>(Xl' X2) the 3n functions '!I" '!Is' '!II defined in L\ only, then V(Xl' x 2) takes
the form

(25)

Now, let us consider a linear mapping such that the triangle P" Ps ' ~ of the plane (Xl' x 2 )

is mapped on the unit triangle of the plane «( 1, (2) whose vertices are (0,0), (1,0), (0, 1)

(see Fig. 2), defined by

X I

(0,1 )

where

FIG. 2.

c = (XlS-X l , Xlt-Xl')

X 2s -X2' X21- X2'

(26)

(Xl" x 2,) being the coordinates ofthe node Pro We have pointed out in [21] that the functions
t!> relative to the triangle L\, can be put under the form

tl>(x l , x 2 ) = Tei'<e l, (2) (27)

the set (Xl' X2) and «( l, (2) being linked by the relations (26). The matrix T characterizes
the geometry of the triangle and (j)(( 1, (2) are some functions defined on the unit triangle
of the plane «( 1, (2)' The functions of the form (25) can therefore be written as

T -
V(Xl,X2) = v TtI>((l'~2) (28)

The functions (j)(( 1> (2) are called basic functions of the plane «( 1, (2)' In the following,
we shall use the three types of basic functions given in [21] and summarized in Table 3.
For our variational problem, they define the sub-spaces ofadmissible functions ofdimension
18N, 18N and 9N respectively.
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TABLE 3

Type n
Parameters associated

at each node
(vector v)

Dimension
of the

matrixT
Functions <]; Class

--------------_..-----_.._--~--_._-_._._-- _.-.._---~-----_... -

Tl 6 I;, e Xl ' V;'1' rXj.'tJ IR x 30 Rational functions
1\2x2' fX\x.'.

n 6 1" l\;\, l1
X2 ' ('x:_,-:. 18 x 21

Polynomials of the
r XIX1 ' r;);I_\.' 5th degree

T3 3 [',I'x
I
,V

X2
9 x 12 Rational functions

(-

Remark
Koiter's model reviewed in the second section only involves the derivatives of second

order of the function z. Of course, basic functions of class C1 are sufficiently regular in this
case. However, in some other models (for example, that given by Green and Zerna [20]),
the expression of strain energy in Cartesian coordinates, make use of the derivatives of z
of third order and there, it is necessary to use basic functions of class C2

.

5. DERIVATION OF THE STIFFNESS MATRIX OF AN ELEMENT

We now propose to calculate the contribution of an element to the strain energy (20).
restricting the admissible functions to those of the form (24).

The contribution of the element L1 is

L1U I = f Ii'~1 a~uiRijaxujJadxI dX2 (29)

with Rij = CmATKAj +CJBf'KBj • Let us effect the change of variable (26) in the integral (29).
One has the formulas of derivation

~v=~~ (~)

where S is a 6 x 6 matrix depending on the geometry of the triangle L1, given at Table 4,
with the notations

t 1 = (X2t- X 2r)!J,

t3 = -(X2s -X2r)!J.

TABLE 4
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being the Jacobian of the transformation. Substitution of (30) into (29) gives

~U 1 = ff i'~l O~u;itijO~Uj~a\JI del de2 (31)

where Rij = cmATKAj+CfBTKBj , with Ai = SAi and Bi = SBi. Let us no":. introdu~e

the admissible functions (24) in this integral. Writing henceforth <j), rather than <j), the basIc
function of the plan (e1, ~2), we find

~Ul = IJI i.tl urrt.~l ff (\<j)Ol<j)TRijkl~adel d~2}TTUj'

Theelements Rijkl ofthe matrix Rij depend in a nonlinear way, on the geometry ofthe surface.
In order to enable us to effect the numerical integration once and for all, we interpolate
this functions as follows

m

Rijklm~[a(~)] L Rijkl(Ip)~[a(Ip)]Op(~)
p~ 1

(32)

where ()p are Lagrangian polynomials of interpolation, relative to the points I p of the unit
triangle and estands for e1, e2' The contribution of the element to the strain energy becomes
then

~Ul = IJI iJl urTL~l P~l Rijkl(Ip)~[a(Ip)]GkIP}TTUj
where Gk1p are the matrices

(33)

(34)Gk1p = ff Ok<j)(e)OI<j)T(~)(}i~)d~l d~2

which depend on the choice of the basic functions and the Lagrangian polynomials. For a
given set of such functions, these integrals may be computed once and for all. Finally, the
stiffness matrix of the element is defined by the relation

3

~Ul = IJI L uTTQijTTUj,
i.j~ 1

with
6 m

Qij = L L Rijkl(Ip)~[a(Ip)]GkIP
k,l~lp:l

6. PRACTICAL ASPECTS OF COMPUTATION

(35)

Practically an element of shell is defined by its coordinates in the plane (x 1, X2), its
vector z and the thickness on the vertices.

We make use of Lagrangian polynomials of the third order, relative to the 10 points
of interpolation shown in Fig. 3. At each such point, we have to form the matrices Ai, Bi

(i = 1,2,3) and K entirely defined by the geometry of the element. For this purpose, we
compute the values of the function z and its derivatives at these points from the basic
functions and the vector z. We get then the matrices Rij, from which we draw the stiffness
matrix.
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To estimate numerically the integrals Gk1P ' we use the 7-points formula given in [23].
We found a satisfying accuracy on using these formulas on 64 sub-triangles by dividing
each side of the unit triangle in 8 equal parts. Those coefficients are computed once and
for all and kept on a tape.

The interpolation of functions Rjjk1 by means of the polynomials ()p, yields that rigid­
body motions cannot be represented exactly. However, some numerical experiments show
that we get a very good approximation with the 10 points mentioned below, as soon as
the mesh is rather fine (see [24]).

This element of shell has been introduced in a general purpose program, developed
for the IBM 7040 computer of the EPFL (see [22J). This program deals with the formation
of the master stiffness matrix and right-hand side of the structure, taking account of the
boundary conditions; with the solving of the linear equations and the computation of
stresses. One can introduce any linear conditions between the degrees of freedom of the
structure and assemble elements of various kinds such as beam, plate, shell, etc. For the
elements of shell, the program computes the physical components of in-plane and bending
stresses at the corners and in the middle of the element. With the T3 basic functions, the
stresses are not continued at the nodes; in that case, one computes the average stresses at
a node from the elements admitting this node for vertex.

7. NUMERICAL EXAMPLE

We consider the shell shown in Fig. 4; it is defined by the equation z = 5- xi/20,
- 10 :s; Xl :s; 10, -10 :s; X 2 :s; 10; its uniform thickness is h = 0·2, and the elastic coeffi­
cients are E = 2x 107

, V = 0·15.
This cylinder is supported along the edges X2 = ± 10, in such a way that we have

Ul = U3 = 0; it is free along the edges x I = ± 10. We propose to settle the field of displace­
ment and the state of stress under a uniform pressure P3 = - I.

We have computed the quarter of the shell, with the three meshes shown in Fig. 5 and
the three types of basic functions Tl, T2 and T3. Some characteristic numerical results
are given in Tables 5 and 6. From these results, we can draw the following conclusions:

1. With a coarse mesh, the elements TI generally give a better approximation than the
elements T2. The results are almost the same when the mesh becomes fine.

2. The elements T3 which have only 9 degrees of freedom at each node, instead of 18
for TI and T2, lead to worse numerical results for a given time of computation.

3. If the mathematical model only requires basic functions of class C l
, the elements

T2 seems to be the best one.



TABLE 5 )-

a
Mesh I Mesh 2 Mesh 3 ~

[FIg. 5(a)] [Fig. 5(b)] [FIg. 5(e)] I:\..

§:
Elements (i

Poi", ~ Tl T2 T3 Tl T2 T3 Tl T2 T3 ~
~ i
placement a

0'
A UI X 102 0·842 0·731 0-476 0·772 0·760 0·722 0·7663 0·7662 0·7613 ::

U3 x 102 -1·117 -0·999 -0·658 1·039 -1·024 -0-975 -1·0315 -1-0315 1·0251 s:
1 2 '"B UI X 0 0·110 0-130 0-087 0-114 0-115 0·112 0-1144 0·1146 0-1143 i"

U3 x 102 -0-165 -0-203 -0-143 -0-175 -0-177 -0·174 -0·1759 -0-1761 -0-1760 ~-

C u3 X 102 0-155 0-179 0-109 0-159 0-160 0-155 0-1594 0-1596 0-1589 [
;;;>

-l'>
N
v.
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FIG. 4.

TABLE 6

Mesh 1 Mesh 2 Mesh 3
[Fig.5(a)] [Fig.5(b)] [Fig.5(c)]

._._--

Elements
Point T2 T3 T2 T3 T2 T3

Stress
---,-~-,

A n(22) 280·0 125·7 272-2 228·9 272-4 261·6
m(22) 3·73 2·38 3·73 3·63 3·74 3·93

B n(221 -69·2 -42·4 -69·2 -66·9 ~69·8 -69·3
m(22) 0·78 0·97 0·25 0·56 0·21 0·30

C n(221 55·1 64·9 48·1 57·9 48·0 50·6
m(22) -1·03 -0·82 -1·08 -1·04 -1·06 --1·01
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Resume·-eet article concerne un element fini de coque, triangulaire, courbe qui permet de representer exactement
les deplacements rigides et assure la convergence en energie. La matrice de rigidite est obtenue de telle maniere
que les calculs sont vaJables pour tous les modeles mathematiques construits apartir de I'hypothese de Kirchhoff.
Un exemple numerique indique la qualite des resultats obtenus avec 9 ou 18 degres de liberte associes achaque
noeuds du reseau et des fonctions de base de c1asse C1 ou C2

.

A6cTpaKT-Pa60Ta KacaeTcli paC'l.eTa KpHBOJIHHeltHoro TpexyrOJIhHOrO KOHe'l.HOrO :meMeHTa o60JIo'iKH,
KOTOPhllt onpe,ll.eJIlieT TO'l.HO ,ll.BHllCeHHe llCecTKoro TeJIa H 06ecne'lHBaeT CXO,ll.HMOCTh B BhlpallCeHHH J],JIli
3HeprHI-l. 06UlHM nyTeM BhlBO,ll.HTCli MaTprma Ko3Cl$H~HeHToB llCecTKOCTH, 'iTO lIBJIlieTCli BaJl(HbIM J],JIli
BCex MaTeMaTH'l.eclCHX MOlleJ1elt B 06J1aCTH npHMeHeHHlI npe,llllOJIOJl(eHHlI KHpxro4l$a . .D:aercSl 'I.HCJ1eHHhlil:
npHMep c ~eJ1hlO YKa3aHHlI Ka'lecTBeHHolt CTOpOHhl pe3yJ1bTaTOB, KOTophle MO>KHO nOJ1Y'l.HTh ):lJlll 9 HJ1H 18
cTeneHelt cBo6oAbi B Ka)KJl,oA TO'iKe ceTKH H OCHOBHblX $YHKLtHlt KJ1aCCa Cl HJ1H C 2

•


